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1. BACKGROUND 

 

x1, x2, ..., xn are random variables with  

 

means µ1, µ2, ... µn 
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means as a vector µµµµ    
 

variance-covariance matrix ΣΣΣΣx of x 
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THE MULTIVARIATE NORMAL DISTRIBUTION MVN(µµµµ, ΣΣΣΣx) 

 

The probability density function f(x) of a multivariate normal distribution with 

vector of means µµµµ and covariance matrix ΣΣΣΣx equals 
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2. THE RESPONSE TO SELECTION 
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Phenotypic  trait vector z = g + e,  

 

Base population: g ~ MVN(µµµµg, G) en e ~ MVN(0, E) 

 

 z ~ MVN(µµµµz, P) with P = G + E and µµµµz = µµµµg. 

 

Regress genotype on phenotype 

 



























=








=

PG

GG

z

g
x ,

z

g
MVN

µµµµ
µµµµ

 

 

σ(g, z) = σ( g, g + e) = σ( g, g) + σ( g, e) = σ( g, g) = G 

 

σ( g, g) = G 

 

σ( z, z) = P = G + E 
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Conditional Genotypic Average Trait Vector: 

 

µµµµgz = µµµµg + GP
-1(z - µµµµz)  

 

Vεεεε = Vg | z = G − GP
-1

G  

 

 

The linear regression of g on z becomes 

 

g = µµµµgz + εεεε = µµµµg + GP
-1(z - µµµµz) + εεεε  

 

g − µµµµg = GP
-1(z - µµµµz) + εεεε,      and   εεεε ~ MVN(0, Vεεεε ) 

 

 

g - µµµµg is often called the breeding value of phenotype z. 

 

  



 10

Intermezzo: "Undesirable evolutionary consequences of trophy hunting". Coltman et al. 

2003 (Nature) 
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For a univariate phenotype we find, with 

 

 g = g 

 

µµµµg = µµµµz = µ 

 

G = σg
2 and P = σz

2 

   

 

 

g - µ = σg
2 σz

-2 (z - µ) + ε = h2(z - µ) + ε 

 

 

and  σε
2 = σg|z

2 = σg
2 - σg

2σz
-2σg

2 = σg
2(1- h2) 
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The change in the expected value of g after selection becomes: 

 

      ∆µµµµg = µµµµg
* - µµµµg 

 = E[GP
-1(z - µµµµz) + εεεε]  

 = GP
 -1 E[(z - µµµµz)]  

 = GP
 -1

s  

 =Gββββ 

 

The vector s is the selection differential, and ββββ the selection gradient. 

 

The genetic variance-covariance matrix after selection is 

 

      G* = E[(g - µµµµg
*)(g - µµµµg

*)T]  

 = E[(g - µµµµg - ∆µµµµg)( g - µµµµg - ∆µµµµg)
T] 

 = E[(GP
 -1(z - µµµµz

*) + εεεε)(( z - µµµµz
* )T

P
-1

G + εT)] 

 = GP
-1

P
*
P

-1
G + G - GP

-1
G 

 

∆G = G* - G = GP
-1(P*- P)P-1

G  
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TRANFER OF SELECTION RESPONSE ACROSS GENERATIONS 

 

 

The joint distribution of parental and offspring phenotypes is  
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With random mating among selected parents, the genetic covariance between 

parental phenotypes becomes zero.  
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Averaging gives 
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With equal phenotypic and genetic (co)variances in sires and dams, random 

mating among parents, and without sex differences in selection 
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that reduces to the well-known  

 

 

 

 

       breeder's equation  

 

∆µµµµ z  = Gββββ    
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3. FITNESS GRADIENTS 

 

 
(NIFTY TRICKS TO CLIMB FASTER) 
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3. FITNESS GRADIENTS 

 

The gradient of a function f with respect to a vector x is written as  
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With A a symmetric matrix, derivatives of quadratic forms become 
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When f(x) is a MVN probability distribution with 
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If we consider f(x) as a function of the mean µµµµ, we get instead the partial 

derivative 
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For the special case where z is MVN  

 

3. THE FITNESS GRADIENT EQUALS A DERIVATIVE OF MEAN FITNESS 
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For the special case where z is MVN  

 

3. THE FITNESS GRADIENT EQUALS A DERIVATIVE OF MEAN FITNESS 

 

ββββ=∇ ))(ln(
z

z
µ

W  

 

and this is extremely useful, because we didn't specify any particular W!  
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4. STABILIZING AND DISRUPTIVE SELECTION 
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 MULTIVARIATE SELECTION WITH GAUSSIAN SELECTION/FITNESS FUNCTIONS   

 

 

The Gaussian fitness function W(z) is often used in selection models. It is a 

special case with properties that allow extensive analytical work.  

 

W(z) = exp(ααααT
z - ½( z - θθθθ)T

W(z - θθθθ))  = α θ θi i

i

i i j j ij

ji

z z z W∑ ∑∑− − −
1

2
( )( )   

 

 

(1) Directional selection occurs when αααα ≠ 0 and/or  µµµµz ≠ θθθθ    
 

(2) Stabilising selection occurs, for example, when W is a diagonal matrix and 

Wii > 0 

 

(3) Disruptive selection occurs when W is a diagonal matrix and Wii < 0 
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FROM BLOWS, BROOKS & KRAFT. EVOLUTION 57: 622-630 (2003). 
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4 .STABILIZING AND DISRUPTIVE SELECTION 

 

Hessian H(f(x)) 
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Under regular conditions, this matrix is symmetric.  

 

When the Hessian H, evaluated at a point x0, is positive definite, then x0 is a 

local minimum.  

 

with H negative definite, x0 is a local maximum.  

 

When some eigenvalues of H are negative and some positive, the hessian H 

corresponds to a saddle. 
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P
-1

P
*  will usually be positive definite.  

 

Then W has as many positive eigenvalues as the Hµµµµ will have negative ones and 

vice versa.  
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Suzuki, Y. and Nijhout, H.F., Evolution of a polyphenism by genetic accommodation., Science, vol. 311 (2006), 

pp. 650-652 . 
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PS. SELECTION ON REACTION NORMS 

 

The inner product of two univariate functions η and ξ is a scalar η Tξ:  
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T
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Multiplying a covariance (bivariate) function Ψ with a univariate one, ψ, gives a 

univariate function as a result: 
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Transpose ),(),( feefT Ψ=Ψ   

 

 

Inverse ξξ =ΨΘ−1
 for any univariate function ξ 
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( ) )()()()(
1* eseee pgggg

−=−=∆ σσµµµ  (Kirkpatrick and Heckman 1989) 

 

 

where s is the phenotypic selection differential )()()( *
fffs zz µµ −= ,  

 

pσ the phenotypic covariance function 

 

 gσ  the genetic covariance function.  

 

( )sp

1−= σβ   the function-valued selection/fitness gradient. 
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FUNCTION-VALUED FITNESS GRADIENT 

 

With Λ an operator from vector space U to a normed vector space V, let function 

η be in the domain of Λ and let ρ be an arbitrary element of U. If the limit, with 

c a scalar,  
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exists, it is called the Gateaux or weak differential of Λ at η with increment ρ. 

If this differential exists for all ρ, we say that Λ is Gateaux differentiable at η. 

 

The Gateaux differential of fitness W(z) of a function valued strategy z then 

becomes 
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The strong or Fréchet differential at η, which makes use of the norm of ρ, so U 

has to be a normed vector space for that. 
If for a fixed η and for each increment ρ, );( ρηΛd  exists and is (i) continuous in 

ρ, and (ii) linear in ρ such that 

  

0
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lim
0

=
Λ−Λ−+Λ

→ ρ
ρηηρη

ρ

d
  

 
then );( ρηΛd  is the Fréchet differential with increment ρ. When a Fréchet 

differential exists, it is equal to the Gateaux differential at η. 

 

This differential );( ρηΛd  specifies a continuous linear operator )(' ηsΛ  at η such 

that for all increments ρ, 
 

ρηρη )(');( sd Λ=Λ .  

 

)(' ηsΛ  is the Fréchet derivative of Λ at η.  
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Concerning fitness, assuming that the Gateaux/Fréchet differential exists, it is 
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Fréchet derivative at a specific value of e, say e#: 
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The function-valued fitness gradient β(e#), is equal to ))((' #
ezW s  
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Fig. 3. Evolution of seasonal flowering schedules. (a) Carrying capacity K(a) at different times a during the season. 

(b) Dynamics and outcome x
*
(a) of monomorphic evolution of flowering intensity x(a). (c) and (d) Dynamics and 

outcome of dimorphic evolution of flowering intensities x1(a) and x2(a) started from the neighborhood of the 

monomorphic evolutionary outcome x
*
(a). Initial and intermediate trait values are shown as thin curves, and final 

values as thick curves. Insets show changes in equilibrium population sizes resulting from the depicted 

evolutionary change. Dieckmann et al. 2006
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