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Inference on the basis of a single model fit

summary(modell) # a poisson glm model with one covariate
Estimate Std. Error zvalue Pr(>|z|)
(Intercept) 0.186865  0.188728 0.990 0.3221

Distance -0.006138 0.003667-1.674 0.0941.

(Dispersion parameter for poisson family taken to be 1)

Null deviance: 149.48 on 93 degrees of freedom

Residual deviance: 146.64 on 92 degrees of freedom



Inference based on model comparison (pairwise — many modes)

dropl(model,test="F") # F test for slope, glm where dispersion is estimated

Single term deletions

Model:
Yy~ X

Df Deviance AIC F value Pr(F)
<none> 0.236 -26.071

X 1 58.795 82.324 4474.4 <2.2e-16 ***



Statistical Analysis is used for inductive inference:

From a particular dataset to a more general population

The "process of drawing conclusions from data that are subject to
random variation"



e 3 schools (Frequentist / Bayesian / Likelihood)

e 2 cultures (Breiman 2001)

Two cultures:

- Predicting other/new events as accurately as possible

- Discovering mechanisms that generated the data

either assuming that the truth is among the candidate models or not



The third way (the third school)

(Direct) Likelihood inference

e All conclusions within the modeling exercise and the data, no
reference to external probability or replication

e Weaker than frequentist inference which should be preferred if
possible

Sir R Fisher



Example: direct likelihood Interval

likelihood of a parameter value: probability that the data X occur, given
a parameter value #dand model f

L(&|x)=f(x]|O)

L(é’) is the largest possible likelihood over the range of fand 0 is the
maximum likelihood value of &

A likelihood interval are values of & for which the relative/normalized
likelihood is larger than some cutoff valuec (0 <c< 1)

o



10 trials with 8 successes, binomial parameter s-osandi(g)-s625

100 trials with 80 successes, binomial parameter j-osand(9)=62s

write the R code to estimate & and calculate the likelihood intervals.



log-likelihood

log-likelihood

(@) n=10, x=8
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(c) n=100, x=80
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Note the dotted lines



Dotted lines: Quadratic approximation at the ML parameter values
Often used to obtain confidence intervals

In L(6)=1In L(é)+ 8én -

0 |;
—In L(A)+ % a;;nz L é(H — 67)2 +hot

~In L(A)—% 16)o- o)

(g_é)+182 In L

> 202 (6?—@)2+h.o.t

0

- |lis the observed Fisher information ~ the curvature of the likelihood
at the MLE estimate of the parameter

With several parameters in a model, | becomes a matrix



Frequentist inference

Example

The data are 11 heavy sleepers, 16 others are not heavy sleeping

If the proportion of heavy sleepers is 50 % in the population, then the

probability to find these data, or more extreme proportions is twice a
sum of probabilities:

pbinom(11,27,0.5) # probability of 11 or fewer successes
[1] 0.2210342

binom.test(c(11,16))

Exact binomial test
number of successes = 11, number of trials = 27, p-value = 0.4421
alternative hypothesis: true probability of success is not equal to 0.5



Frequentist inference

e Probability is a long-run frequency based on repeated
sampling/experiments

e The repeated sampling principle: procedures should be evaluated on
the basis of repeated experimentation in the same conditions

Sampling distribution theory

Jerzy Neyman 4GS



e The repeated sampling principle: procedures should be evaluated on
the basis of repeated experimentation in the same conditions

e Hypothetical requirement — replication can be impossible

e Sometimes concepts not in line with intuitive expectation of
uncertainty. e.g. : confidence intervals



e Confidence interval: if the procedure is repeated and a 95% interval is
constructed each time, it will contain the true value in 95% of the
experiments.




Assume data xi, ..., X, are a sample from a normal distribution with
known standard deviation o and unknown mean &

Approximation of likelihood of a parameter value & given the MLE
estimate

A1 (A ~\2
In L(@) =In L(@)— 2 | (QXQ - 9) [for the normal distribution the equality holds]

Now @is the true value, what is the relative likelihood of the MLE given
the true value?

InL(6)-1In L(é):—% I (éXe— 9)2 = (0-%)

20°
InL(@)-InL(0)= % (0)o-of =~




It has been determined that a squared standardized normal random
variable has a chi-squared distribution, so considering repeated
sampling

n ,_
?(X_e)z ~le

and Z(In L(é)— In L(e))~ 2

if we draw repeated samples from the same population, with
parameters o (known) and & (unknown), the distribution of this statistic
will be chi-squared with 1 d.f.



Z(In L(é’)— In L(H))~ 2

Repeated sampling We don't know what the true value is. If we
calculate direct likelihood intervals on each sample:

The probability that the likelihood interval covers the true value @ is
determined by choosing ¢

i.e. choose ¢ such that the true value has high enough likelihood to be in
the interval sufficiently often

p[ﬁ% > c] - P2 L(6)-2InL(0) < ~2Inc)

=P(y2 <-2Inc)

if we choose ¢ =0.1465 this probability will be 95% pchisq(-2*log(0.1465),1)



confint(modell) # using the diagonal of the information matrix
# when modell is fitted using Im()

For a multi-parameter model which includes a parameter 0,
the profile likelihood of 0 is a likelihood function of 0 alone.

The profile likelihood at 0 is the likelihood of the parameter value 0
while all other parameters are fixed at their ML values for that value of
0.

All other parameters are seen as functions of 0.

Profile likelihood confidence intervals
There is a glm-specific confidence interval method:

library(MASS)
confint(modell) # profile likelihood confidence intervals



Hypothesis testing

Null Hypothesis - Alternative Hypothesis

General procedure: assuming the Null is true, what is the probability
that the value of the statistic or a more extreme value occurs?

Tail probability of a test (p-value). = reject the Null when the value is
improbable (p < 0.05 for o = 0.05).

Type | error: The Null hypothesis is true, but we reject it in favour of the
alternative. The frequency at which this happens is controlled to be not
more than a. (if we can't control exactly, we will be conservative).

Type Il error: The alternative hypothesis is true, but we don't reject the
null hypothesis. This occurs with probability 3. Power: 1 - f3



Frequentist approach - Power analysis — based on a statistic

proabability
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Usually, a power analysis has to be carried out conditional on effect
sizes and sample sizes.



The chi-squared statistic also appears in likelihood ratio tests, it is only

exact for data from a normal distribution with known standard
deviation.

How can we check whether an approximate hypothesis testing
procedure that we use performs reasonably well?

(hint: simulate appropriate data, do the test, then...)

Can become involved for a model selection procedure with multiple
model comparisons



Bayesian approach

LIL. An Effay towards foloing a Problem in
the Declrine of Chances. By the late Rev.
Mr. Baya F. R.§. comumunicased by Mr.
Price, in @ Letter 2 John Canton, A M.
F.R 8.

Dear Sir,

l'*”—""--i Now fknd yoa an cffiy which I have
1785 Lfound among the papers of our de-
ceafed fricad Mr. Bayes, and which, in my opinion,
has great merit, and well éc.w—‘\uﬁ:uttmk‘md
E mental phil is nearly in
wm-nbc{b,m;u and on this account there
ktm :obcpamu ular reafon for thinking that a com-
meication of it to the Royal Society canaot be im-

f"°}’.“'..

Bayesian inference: unified approach to all problems of uncertainty

The notion of probability includes the subjective notion of uncertainty

e Model structure is fixed, all parameters are random



e All parameters @ are samples from (prior) probability distributions f( 6)

e We start with a prior distribution, collect data x, use that to obtain the

f(x|0)f(0)
f(x) of the parameters

posterior distribution f(‘9| X) -

e These distributions express our (changing) uncertainty about &

e Prior distributions can be chosen axiomatically (by thinking alone) or
not and be processed to produce a posterior distribution



Example from Albert (2009)

Investigating the proportion p of heavy sleepers: who sleeps eight hours
or more?

data: s success, f failure; total number of observations: f+ s

probability of the data ~ p°(1 - p)'

given proportion p heavy sleepers in the population



Assuming a discrete prior probability distribution

library (LearnBayes)

p = seqg(0.05, 0.95, by = 0.1)

prior = ¢(1, 5.2, 8, 7.2, 4.6, 2.1, 0.7, 0.1, 0, 0)
prior = prior/sum(prior)

plot (p, prior, type = "h", ylab="Prior Probability")
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data = ¢ (11, 16)# 11 heavy sleepers, 16 not heavy
post = pdisc(p, prior, data)# calculate posterior for a
list of proportions p

round (cbind(p, prior, post),?2)

library(lattice) # prepare to make a graph of the posterior
PRIOR=data.frame ("prior",p,prior)

POST=data.frame ("posterior", p,post)

names (PRIOR)=c ("Type","P", "Probability")

names (POST)=c ("Type","P", "Probability")

data=rbind (PRIOR, POST)

xyplot (Probability~P|Type,data=data, layout=c(1,2), type="h",
lwd=3,col="black") # graph
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Empirical Bayes approach

see the background files

"Empirical Bayes methods are procedures for statistical inference in
which the prior distribution is estimated from the data."






Model comparisons and model selection

We often don't just have one null hypothesis to test on the same data
We can fit many models to the same data, from very simple to very
complex, which model(s) to use for hypothesis testing?

Are p-values obtained from a maximal or MAM model | prefer still valid
for hypothesis testing, after my model-selection procedure, which can

have sampling effects too?

What if my model is very likely (a little bit) wrong?



nsuxagcpnscxxagc

AIC =1363.6

Effects of Sex xz = 12]’ df=7
and Age on P=0.10
Detection

A 4

:Mcxx;q‘cpl

AIC=1361.6

Effect of Time| x*=11.1,df=6
on Detection | P =0.08

v Effect of Time
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Model selection schematic for the
capture—mark-recapture survival
model. The model structure notation
indicates whether the survival rates (S)
and detection probabilities (p) varied
by sex, age, or time (“Age” indicates
that six age classes were used [0, 1, 2,
3, 4, and =5 yr], “A4” indicates that
four age classes were used [0, 1, 2-4,
and =5 yr], and “A3” indicates that
three ages classes were used [0, 1, and
22 yr]). The arrows show the results of
likelihood ratio tests for the effects of
various factors. Also shown is Akaike’s
Information Criterion (AIC) for the
corresponding models.

Paul W. Sherman and Michael C. Runge. 2002. Demography of a population collapse: the northern Idaho

ground squirrel (Spermophilus brunneus brunneus). Ecology 83:2816-2831.




Model Selection Principles
AIC and deviance comparisons
Hypothesis testing

Confidence intervals
Parsimony

Bias and Accuracy

Distance from the truth (AIC)

Consistency



Parsimony

Occam's Razor:

entities must not be multiplied beyond necessity

as written down by John Punch from Cork in 1639

e Parsimony heuristic: when AIC of two models is equal take the one
with least parameters
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Fig. 1 Graphical illustration of bias and variance.



Observations

yi = f(xi) +¢

Expected error at a point x

El(y — f(2))?] = E[(f(2) — E[f (2)])%] + E[(f(z) — E[f(x)])?] + E[¢?]
= Bias(f(x))? + Var(f(z)) + o

Maximum accuracy = minimum expected error

Expected error is the sum of bias and variance of the prediction plus
the variance of the residual ¢

Accuracy depends on the value(s) of x



This idea generalizes to model comparisons
Simpler models: more bias. Many parameters: less precision

&
- o == =

Vanance
Bias®

(Uncertainty)

e A AR o A o A S e e m e e e

Many

Number of Parameters

Fig. 1. The principle of parsimony: the conceptual trade-off between
squared bias (solid line) and variance (1.e. uncertainty) versus the
number of estimable parameters in the model. The best model has di-
mension { K} near the intersection of the two lines, while full reality
lies far to the right of trade-off region.



AIC : an estimate of the distance from the truth

Call:
glm(formula =y ~ x)

Coefficients:
Estimate Std. Error t value Pr(>|t])
(Intercept) 6.991912 0.047108 148.42 <2e-16 ***
X 0.299751 0.003932 76.22 <2e-16 ***
Signif. codes: 0 “*** 0.001 “**’ 0.01 “*0.05‘"0.1“"1

(Dispersion parameter for gaussian family taken to be 0.0102839)
Null deviance: 59.93563 on 19 degrees of freedom
Residual deviance: 0.18511 on 18 degrees of freedom

AlC: -30.893

Number of Fisher Scoring iterations: 2



Kullback Leibler Information

Is @ measure of the distance between the true data generating

distribution g and the distribution implied by a specific approximate
model f.

a(y)
1(f,g)=|d |
(f.0) jyg(y)nf(yw)



Advance 2 — Estimation of Kullback—Leibler information
(A1C)

Akaike (1973, 1974) found a formal relationship between K-
L information (a dominant paradigm in information and cod-
ing theory) and maximum likelihood (the dominant para-
digm in statistics) (see deLeeuw 1992). This finding makes
it possible to combine estimation (e.g. maximum likelihood
or least squares) and model selection under a single theoret-
ical framework — optimisation. Akaike's breakthrough was
the finding of an estimator of the expected, relative K-L in-
formation, based on the maximised log-likelihood function.
Akaike's derivation (which is for large samples) relied on K-
L information as averaged entropy and this lead to ‘Akaike's
information criterion’ (AlC),

AIC = 2log,(L(8 | data)) + 2K,

where log (L(O | data)) is the value of the maximised log-
likelihood over the unknown parameters (8), given the data
and the model, and K is the number of estimable parameters



Kullback - Leibler distance

| avgeing) - s vie)

log likelihood for a sample of size nis 1,,(8) = X.i=; Inf (y;|0)

strong law of large numbers:

a0 | dyg)inf 10)

for a choice of f the MLE estimate of & will be the value that minimizes
the KL distance. The first term of KL does not depend on the model
chosen.



Kullback - Leibler distance for a ML fitted model

| avge)(ing) - inf v18))

The expectation of the second term, where MLE 8 is seen as a random
variable that depends on g

£y [ dvginf 10)

can be estimated by n~1L,(8). This estimate is biased.

Different bias corrections have been proposed. The simplest proposed
estimate of bias is the number of estimated parameters in the model
(i.e. the length of vector 8) divided by sample size n. This is used in the
AIC.



AIC —2ln(§) + 2length(8) smaller AIC is better

-2 log likelihood of the data given the ML model plus number of
parameters, times two

BIC —2ln(§) + In (n)length(6) smaller BIC is better

Bayesian information criterion: to compare posterior probabilities of
models, essential quantity to select the model with largest posterior
probability

and many more IC exist (ad-hoc, partly general):

AlCc for small sample sizes
CAIC which is the AIC made consistent (see below)

DIC deviance information criterion



e Consistency : a property of estimators and procedures. For IC:

Strong: when a most parsimonious model with minimum KL distance is

selected almost surely when n goes to «©

Weak: when the prob. to select a most parsimonious model with

minimum KL distance tends to 1 when n goes to o«

BIC for n going to « selects the true parsimonious model

AIC is consistent only when there is a single model among the
candidates which is minimizing KL (not when several models can
minimize KL). This is the reason AIC is not the preferred method to
compare nested models



Also
e Efficiency
Minimizes

. . . 2 .
MSE mean squared estimation error = bias” + variance of parameter

AIC for n = « selects the most efficient model with probability one

BIC not



Model selection

Consider different inference goals:
e one parameter has more interest. How test for it best? A
e We just want the most appropriate model for prediction. B

e \We want a minimum adequate model, it's not such a problem if we
don't demonstrate the weakest effects. We want to stay
conservative. C



AIC, other criteria or

hypothesis testing are used for model selection C

Parameter of interest: frequentist test in maximal model and
in MAM to assess model selection bias, power changes A

AIC: prediction accuracy B - all models may be wrong C

AIC: non-nested models C

BIC: find the true model among the candidates C



e Model selection improves the chance of finding the model which
generated the data relevant for A and C

e Model selection can confuse inference if we are after frequentist
inference A

frequentist inference often does not consider that we test w.r.t. a
model obtained after comparing several model pairs.

Model selection uncertainty (sampling effects) is often forgotten

If we simplify a model, it can be seen that parameter estimates become
seemingly more precise. A, B
If we simplify, bias is also expected to increase. A, B



Hybridization of the different schools: increasingly often

Frequentist model selection, IC, Bayesian model fitting methods all in
one analysis

We use expectations over repeated experiments to motivate the use of
AIC or of alternative IC, we look at effects of sampling variation to
construct appropriate model selection strategies (Frequentist)

can involve simulation of model selection procedures

We use principles from Bayesian statistics to improve model fitting of
complicated models and to obtain better estimates






Some advice out of the box:

e The context: all modeling is rooted in a scientific context, and is for a
certain purpose, be efficient!

e The purpose of models is not to fit the data, but to sharpen the
guestions (S Karlin)

e Box: Most models are wrong and some are useful



Maybe the most important slide:

Make better use of your data, try to make sure any outcome of an
experiment is useful:

The Method of Multiple
Working Hypotheses

With this method the dangers of parental
affection for a favorite theory can be circumvented.

T. C. Chamberlin
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